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DIS structure functions

in the laboratory frame for detecting the final
lepton in the solid angle d2 with final energy within [E’, E’ + dE]

d?o B a? E’L
dQdE Mg* E M

wH
m M proton (hadronic target) mass

m Pt =pk 4+ ®Lp"  proton momentum

w g = py — xpph

m pY, ph light-cone vectors

. _2
=5 =l <
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DIS structure functions

do o E

=—— "L,
dQdE Mg* E "

wH

Hadronic tensor

p P\ F 2
quqv 2 q- q- 2(x, 07%)
W, = | —g,, + ¥ F +(pP,—g, )P, —q, 1~ | 2=/
- (g“” q2> Q) (“ an q2)<" e P-q

M - S M
. A qo 2 . A qo o 4 2
+ieure S P—-qgl(x’Q )+ icuwrog <S - P ﬁ) P—.qu(X,Q )
To extract the polarized structure functions g; and g,, we need the
antisymmetric part of the leptonic tensor. This means that both the incoming
lepton and the hadronic target have to be polarized.

m S* spin of the target

mS?=—-landS-P=0
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DIS structure functions

d’o o E
- = — ] VWw/
dQdE' — Mg* ET"

Hadronic tensor

4.9 -P P\ F(x Q2
W = (*guu + HZV) F](X, Qz) + (Pu - quq—2> < - 5 ) (
q q q
, M , S\ M
ti€uwro q/\Sam 81(x, 0%) +icurog” <SJ - PG%) P g2(x, QZ)
1

WP'V = ;ImT‘W

T =i / d'x (P, S|T{ju(x)ji (0)} P, S)
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Leading Log Approximation in scatt. process at high energy

electron-proton/nucleus Deep Inelastic Scattering (DIS) s=(q+ P)?

(PITj*(x)j” (v)|P)

> energy suppressed

= BFKL resum (a,1n ;)"

m Dynamics is linear and it describes proliferation of gluons
= Violation of Unitarity
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remind: High-energy OPE for DIS

Y <n

factorization scale: rapidity n

Rapidity Y > n - coefficient function (“impact factor”)

o
U! = Pexp {ig/ dx+AZ_(x+,xl)]

— 00
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remind: High-energy OPE for DIS

The high-energy operator product expansion is

T4, ()i ()} = /d221d2Z2I (21,22, %, ) Te{ U2 U1}

+ / dud’ad’ss T, (21, 22, 23,%,y) e{ UL U e U2 U8} — Newe{ U7 U1
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DIS at Leading Log Approximation at high-energy

T4 (07 ()} = /d221d222 I.0(z1, 22,x,y)Te{ U2 UM}

= Calculate LO Imapct factor: Z50(z1, 22, x, y)
= Calculate evolution of matrix element Tr{ U/ U1"}: BK/JIMWLK equation
m Solve the evolution equation with initial condition: GBW/MV model

m Convolute the solution of the evolution equation with the impact factor
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Symmetries of the Impact factors

Electromagnetic gauge invariance
G, Ty M} =0 = 0,IT"(xyz,2)=0
SL(2,C) Mébius invariance (inversion x* — ’)‘C—Z)

/ dud* T (xy21,2) = / d*z1d* 2 TM (x,y; 21, 22)

At NLO conformal invariance is restored through the composite
conformal Wilson lines  (I. Balitsky and G.A.C. 2010)
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Evolution Equation

ag(m — m)Keva ®

m Separate fields in quantum and classical according to low and large rapidity.
Formally we may write:

(BIO™[B) = (04 = (0" © O,

m Integrate over the quantum fields and get one-loop rapidity evolution of the
operator O

(OM) 4 = as(m — M) Kevol @ (O"™) 4

= Where in principle O and O’ are different operators.
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Non-linear evolution equation

as(m — 1m)Kevol @

m Linearcase O = a,An Keyot ® O™
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Non-linear evolution equation

as(m — 1m)Kevol @

m Linearcase O = a,An Keyot ® O™

m Non-linearcase OM = q;An Keyq @ {O"O™}

rized DIS Regensburg - 19 Mar 2021
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Non-linear evolution equation

d*z,

1
(x—2)7

(U2 i = oz [ (@UPUPHUP Y ~ U

An=m —m

(Ul (URUPYy, {UPUMY, Ul Uy,
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Non-linear evolution equation

d*z,

1
(x—2)7

(U2 i = oz [ (@UPUPHUP Y ~ U

An=m —m

(Ul (URUPYy, {UPUMY, Ul Uy,

m Obtain a set of rules that allow one to get the LO evolution of any
trace or product of traces of Wilson lines

m Hierarchy of evolution equation: B-JIMWLK equation.
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Leading order evolution equation

d . . .
%tr{UxU;f} = Kiot{UUf} + ... =

d A A
% <tr{ Uy U; }>shockwave = (KLOtr{ Uy U; }>shockwave
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Non-linear evolution equation

Uxy) = 1 - 060 (01))

o;N, d*z (x —y)?
2n ) (x —2)*(y — 2)?

{Ute.2) +8(zy) —U.y) U ) |

d ~
%u(xﬂy) -

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, ayn ~ 1): Ladder type of diagrams: proliferation of gluons.

m LLA for DIS in semi-classical-QCD = BK/JIMWLK eqgn
m background field method: describes recombination process.
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Quark propagator with sub-eikonal corrections

_)_/_’_ —_— + +v+ + 5

Quark propagator for g; structure function

2
M@0 =557 [ e (b +X)

c{imve) + 5 (e + o)} Cr+ )
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Quark propagator with sub-eikonal corrections

2
S0 ans 5 | T (5 +0)

27m3x2y2

<im0 + Z (S Fen) 10 | G+ 1)

T _
020 e[ (oo, 2 e e 2 xR o)),

i

s [T ,
Fe)=ied [ duloom.al Py (e —ocpil.

—00
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Quark propagator with sub-eikonal corrections

Zx _
Q;,lﬂ(ﬂ) —g/ dz*/ dZ;([Oopl,Z*]xtaﬂ)a(z*,ﬂ)[z*,Z;]fzbi/)ﬂ(ziﬂi)tb[zia—Oopl}x)
o0

i

x 1 . _
0y ) ‘g/ dz*/ dzi[zU;z¢a<z;7m[z;,z*]xw%*m
[e.¢]

2N ([OOPI,Z*] wﬂ(zmn)’é[_)a(ziaﬂ)[ziv_OOD"J}

X1

z, { """ <o F*, X1 Z;* F*
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Impact Factor with sub-eikonal corrections: quark operator

2

(Z*,Zu)% Vo Vo X" Koy (24, 221)
_8
S

V(2221 ) i1 (2, 220 )Y (s a5 211,221 )
8
*Elﬁ(Z*,Zu)Vﬁﬂ/)(Z*,Zu)I V(% yu3 211, 220) + O

w2 p oy Lo on o
X' =5\ +X1, X=X -z i=12
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Impact Factor with sub-eikonal corrections: quark operator

(2,221 )7, Yy Vi Xy KXo ¥ (2e, 221
8 - .
;Wé»zu) iUz, 2 )1 (X, yas 210, 221)

8
ET/)(Z*;ZZL)’VSI‘IZMZ*;ZQL)I” (Yo, ¥s3210,221) + O

! A (x —y)?
IHV . — 2.2 ZZ — 2
1 (xayvthZ) zx*y* ax'uayy 142 — 2121 )

* )%

I (x,121,22) = (%01 — py) (3.0 — p5) [(Y1 x Y2)X X2 — (X, x Xp) Y112

XP=Zepl e X XE = i=12

X x ¥ = elxy;
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Impact Factor with F;; operator

tf{Xlﬂ‘zYl’nyzlﬁzaiﬂXz’Y”}
= Sieaﬁ (x*aff —pg) (y*é); —plzl) [()?1 X Xz)Y] - Y, — (?] X Yz)X] -Xz]

_Q; v
—8160‘ﬁl]:

nwy o g
%=1
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OPE with sub-eikonal corrections

Z, Z,

T @Y P ()P D)}
= /dZ1d12 ILO 211,221 5%, y) |:Tr{U21 ;fz} + % (TI'{ lez} + Tr{UZl lez ):|
+% /d221d2ZzI§W(Zu7 215X%,Y) [Tr{(Qszz + ]:'ZZ) UZT]} + Tr{(ngz +F)U ) }}

+0(a) + O(A7?)
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Sub-eikonal Impact Factors

z 1 0" (x,y;21,22)
M (x,y;21,20) = —I1'0 = eI
1 eyiann) = S Am0x4y4 (21 + ie]3[ 2, + ie]?
1 I (x,¥;21,22)
TR . = — DR
s Xi262) =~ e T T P8 1 i

1 & (x—y)?
1 (x. y: = 3?2 212 -2
1 ('x7ya11712) 2X*y* axuayy 142 X

Y (x,y521,22) = (008 — ph) (308 — p5) [(Y1 x V2)X1 - Xz — (Xy x X2) Yy Y

W2 i yh wo_ o
Xy =500y +X, X =x -z, i=12
¥ x Y= élxy;
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Symmetry of the sub-eikonal Impact Factors

Sub-eikonal Impact Factors are electromagnetic gauge invariant

Ou T (x,y;21,22) =0
Ou T (x,y;21,22) =0

and SL(2, C) Mobius invariant (inv. x* — ;)

/ dPod I (xy71,2) = / d*2d’ 2 I (x,y,21, 22)

/dzzzdzzzfﬁy(x,y; 2,2) = /dzzzdzzzfgy(xvy;11,zz)

G. A. Chirilli (University of Regensburg)

High-energy OPE for polarized DIS Regensburg - 19 Mar 2021 20/37



High-Energy OPE with sub-eikonal corrections: flavor singlet

T{D ()L (D)7 ()}
/ddezIfO Z11,2215%,Y) [Tr{Uzl }+—<Tf{ Q122}+Tr{UZIQ1zZ )}

1 ) . L .
T3 /dzZldzZZI? (z11,2215%,) [Tr{(QSZz + Fu) UL+ Te{ (QF, + F1) U }}

+0(a) + O(A7?)

Z.
Z11
................... Zy, I’h H ZZL
¥ v
Z91 211
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High-Energy OPE with sub-eikonal corrections: flavor non-singlet

T{H (" () D) D)}
= [andaTtyers i) [0, 04) + 2 ({0}, 01) + (0, 8L, ))|
[Pl @iy [Tr{ 05,01} + Tr{OL ffm}]

+0(ay) + O(A7?)
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Fierz identity
P

=3 =V

Qi = fg/ dZ*/ AL x 1) i 2l 2, x1)

QSXTg/ */”"dz* (& x1) VPP 2tz x1)

+o00 Zx _
Quj(n)zgz/ dz | dd, ([oopr, 2datr{t(ze, x1 )9 (2, x1) iB1}[2L, —oopi])

—00

QSij(xJ_) = gz/:rocdz* dZ [OOPI,Z*]xlr{¢(1*7xL)¢(Z*:xL) v F‘ }[ 7OOP1]),:,'

—00

{001} = L TH{01 0} 01, LTr{fﬁéu}

I\H'—'

Tr{ijU } =

Tr{U] U} Qs — Tr{UT 0s.}

I\)\'—‘




High-Energy OPE with sub-eikonal corrections: flavor singlet

T @y @)y D)}
/dadzz Tio(ziL, 2215 %,) {TF{UTI UL}

e (1001 001 + {0, 001, —  THO] 01} - Tr{Ulelzz})]
1 Y AT N
+§/d2Z1d222I§L (21L,2215%,) [TT{UL Uy, }0se, + Tr{U,, U;}ngz

1 N 2 N 1 . 2 N
- Te{U], (Qs,, — 2N.F2,)} — v Te{U-, (0L, — 2N.F}))}
C C

+0(ay) + O(A72)
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High-Energy OPE with sub-eikonal corrections: flavor non-singlet

T @y @)y D)}
/dadzz Tio(ziL, 2215 %,) {TF{UTI UL}

e (1001 001 + {0, 001, —  THO] 01} - Tr{Ulelzz})]

1 P A .
+ /d2Z1d222 T8 (21,2213 %)) [TT{UL Uy, }0se, + Tr{U,, U;}ngz

N,
+0(ay) + O(A72)

i sy - L Tr{vlesﬁ}}
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Parametrization of the forward matrix elements

Quark distributions
Al =(x -y
. Sxk
[ead@0up.s|[oi) TH(OU]) +aciP.5) = 3 (@00 + S E ik 0)

— —

- Sx k.
(@82 + a6, )

N«

/ PASED (P 5| [T(0 (1) U]} +ac|P.5)) =

‘/dZAei(A’k)«P7 S| {Q5(XL>TI‘{UXU;[} + a.c} ‘P, S>> = %()\qﬂ(ki,x) — (S’A]/;)LQ5T(ki7x))

/ PABD P S| {Tr{Qs(xL)UyT} + a.c] P, S)) = %(A%L(ki,x) - %(}ST(@@)
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Parametrization of the forward matrix elements

Gluon distributions

A =(x -yl

(S, k)J_

. k2
/der’(A’k)L((P,S\ Tr{F(x1)U}} +a.c] P, S)) = %[Aﬁz@(ki,x) 2 2LGrik x)
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Evolution equation of sub-eikonal corrections

2
z { ..... IO }Z*‘ZZJ_
. ZlJ_
z, - Xy oz,
\}x//
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Evolution equation of sub-eikonal corrections

s [t°d Tr{U} U, 1 -
vt = 55 [T [ e v 0. - prvlon|

and
B teda [ Tr{UIU,}
<Tr{U U}QSx = 1 2/ / Tz)i
X {Tr{ui U.} Qs. — ﬁTr{U; (0s. — 2NCJ-"Z)}}

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

L

z { ..... PR }Z* 12y,

Z1,

Diagrams at one loop: classical quark field (BK diagrams)

f Qs +°°d_a 2 %
le(Tr{Uny}> - 27T2/0 a /d Z(X—Z)i(y_z)i

X [Tr{ U U TH{U.UT} — N Tr{ UxU;}] O
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Evolution equation of sub-eikonal corrections

Z

Z; * {Z* +
ZlJ_
Diagrams at one loop: quantum quark field
Z, zZ, Z, z,
------ Peceoe > > \\ //------»-----
Z) Z) ><
h Yo Yo
a) b)

Figure : Diagrams with Q,, and Qs, quantum.
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Evolution equation of sub-eikonal corrections

z, z, z, z,

..... s e ;,\\ //;,
\Z\*Fﬁ/ =X

Yo Yo

(T{U}0u)) =

T da d*z t 1 e
/0 E/ G—22 [Tr{UyUZ}QIZ - ﬁCTY{Ulez}}

and

(Te{U}0s:}) =

T da
a7 / / x—z

X {Tr{U;UZ}Qsz — IVTI"{U;[ (QSZ - 2Nc]:z)}}

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

L. . Z
1j R 2L

H
:
Y
:

7)1

Diagrams with F;; quantum

c) d)
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

G. A. Chirilli (Unive burg High-er OPE for polarized DIS Regensburg - 19 Mar 2021



Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

(Tr{F, U}) = 2Tr{Ut Uity / Tda / &’z
l(x—z) =9 (g~ ot

(x—230—273%

( (x—z2z—y) . 12)(Q _’_QbaT_’_}—Z)a)]

x—250-27 &-23%

1% B
Q% (z1) —g/ le*/ A2 (21, 21) V1 (216, 00p1 ] 1°U, £ [—00p1, 204), (224, 21

T
Q4 (7, —g/ le*/ d22:0 (215,21 ) i1 214, 00p1 | U, 17 [—00p1, 204], ¥(224, 21
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

o /+°°d_04/dzz

27'['2 0 «

L1 E=D)x(E-)
20 -3 -27
1 . - . .

N (Tr{UxU;QIZUZT} + Te{Uj U UL 01} — Te{U, U U, 01} — Tr{U;UxQ{ZUZ})

1 1 _—zz—y) !
N? 2[(X—Z)i(y—Z)i+ (X—Z)i]

X {Tr{U; (0s. — 2F,)yTe{UI U} + Te{U, (0L, — 2F1) e {Uf U}

(Te{ 7, Uf}) =

[Tr{ Ul 01} Tr{UIU,} — Tr{U, Q] } Tr{U] U}

+

Tr{U] U} (QIZ - le)] -

1 - - - -
— (Tr{Ux Ulu.0L } + Te{ufu, QL U.} + T {U,U} 05.Ul} + Tr{Ul U, Uf QSZ}>
2

1
+ 3 THU U (05 + Q;)] }
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Evolution equation of sub-eikonal corrections

Y = ; £ o
i ¥

1 L

Diagrams with F;; or 0, (and Qs) classical: BK-type diagrams

arized DIS g - 19 Mar 2021



Evolution equation of sub-eikonal corrections

Diagrams with F;; or 0, (and QOs) classical: BK-type diagrams

. T da
(Tr{Q1 Ul}) = 55 — [Py Sy
< [ TH{U10u} TH{U] U2} — N Te{U] 01
5 +°°da x — 2
os ) - 5% [ [
< [ T{U1 01} TH{U] U} — N Te{U] 01
(Tr{F. Uf}) = 2 5 T =22 y)l —22

X {Tr{Ujfx} Tr{U]U.} — N, Tr{U;]-'x}}
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Evolution equation of sub-eikonal corrections

L

z { ..... PR }Z* 2y,

ZlJ_

quark-to-gluon diagrams
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Evolution equation of sub-eikonal corrections

i
Z; + ----- eecsen }Z* s ZZJ_
ZlJ_
quark-to-gluon diagrams
Xy X1
sz i
gl \F“im%
yLr
a) b)
[{6
c) d)
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Evolution equation of sub-eikonal corrections

N B
\%x&

{Tr{U viv.xf}

muoon =55 [ L [ {

_ X—2,2—Yy
}+ETr{UxU)T}(H1XZ+HTu)} . )l

-9ik—2%
x [Tr{UnyTU, T {vUiu] )+ Ai, Tr{UxUj.}(H;Z + Hf;)}
LE-9xG-3)

-2ik-27%

+Tr{U.UjUX]

Ixz

[Tr{UXUJfU XLy -t {vutual ) - —Tr{UXU }(HSH %;Q] }
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Evolution equation of sub-eikonal corrections

N B
\%x&

da

(Tr{U, oAl }Q5x =

47r2 {Tr{U viv.xl}

(i

+r{v.utval ) - ﬁTr{U;UX}<H;XZ + ngu)} L Emsioyl

y-23ik-23

x[Tr{UXUyTUZX;u}+Tr{UZU;U M- Tr{U Ui} (M, + 1 )}

2

E-9x G-Iy r R
O )~ ojual) + ool (g Hw)}}'
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Evolution equation of sub-eikonal corrections

z. * +z* +
ZlJ_
quark-to-gluon diagrams
Zx Zs Xer X | Zk Zs
b S \Vi@%\x
w1 ZL W, Z1
yi Yi
a) b)
Xoer X | 2, Zx z Zx
W 1
W, Zy Wz
Yi XY 1
c) d)
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Evolution equation of sub-eikonal corrections

z 7 XX 1 z z
w,.z] M W, zy
Yi Yo
a) b)
XXy z oz z z

oo Cdo o

(Tr{Uf Q1 }) =

47rz
x ;[Tr{UZUT (H+ +H,) - iTr{UT(Xlxz—s—Xm)}}
(X _ Z)i y 1xz lzx NC y
(x —4,7— y) 1
[CEEreE Tr{UzU;L}< et le) - ETT{UI(XIXZ + Xize)

LE-9x G2

b {Tr{U Ul (Hz, - HE,) + NicTr{ Ul (X — Xs2y) }} }
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Evolution equation of sub-eikonal corrections

z 7 XX 1 z z
w,.z] M W, zy
Yi Yo
a) b)
XXy z oz z z

+eo Fdo &z

(Tr{U]Qs.}) =

47r2
1 _ 1
x { T [Tr{U uf} (H; + Hsu) A Tr { U] (Xs.: + Xs) }}

(x—2zz—y)
(-2ie-»%

(- x (= _ 1 .
+m [TI{U UT}( lxz lex) + ETr{UYT (Xlzx - Xlxz)}:| }

| 100} (e + 1) = T (o + 26} )
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Xi(xy,y1) =

XIT(XL,)’L)
Xs(x1,y1)=

X (xJ_ayJ_

+o0 _
_82 dz*dw*'@b(z*v)ﬂ_)[z*a —OOp1]y iﬂ‘l [OOpl,w*]xw(w*,n)
—00
+o00 _
=g dudw, Y(we,x1)[ws, 00pi]ripr [—oopi, ze)yih(zi,y1)
+oo
g2 dz*dw*w (2o ¥ L) 24, OOPl]y7 ﬁl [0op1, Wi x¥ (Wi, x1)
—0o0
2 oo
g/ Az dw, P (we, x 1) [we, 001 e Y P1 [—00p1, 2]y (20, ¥ 1)
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H+(xl7yl

HE(x1,v1)

H (XL)’L

H (xJ_,YJ_

+o0 _
gz/ dzdw, Y (ws, y 1) [ws, 0op1]y i1 [o0p1, 2l (ze, x1)
82/ dz.dw, 1;(0.)*7)1)[&1*, OOPI]y ’Ysﬁl [OOpl,z*]ﬂb(Z*,xL)
gz/ dz.dw, "Z}(W*JL)[‘UM _Oopl]y i¢1 [_Ooplaz*]X¢(Z*7xL)

gz/ dz,dw, (Wi, y 1) [we, —0opi]y Y P1 [—oopi, 2a)ath(zs, x1)

o0
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Conclusions

m New Impact factors have been derived

m New evolution equations which describe the high-energy spin
dynamics

m New quark and gluon distributions

m Outlook

m Extract double log of energy and compare with
Bartels-Ermolaev-Ryskin

m Compare with results obtained by Kovchegov’s group (20015-2021)

m Extend formalism to other observables
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