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» Threshold asymptotics of quark-bilinear coefficient function

» Lesson from 2D large N Gross Neveu



» Massive scaling-limits for near-critical lattice model
1. (6(x{)a(0)) 700 = Z({)W (x). Massive scaling function W (x).

2. W(x) - e ¥, |x| > oo;

3. Schwinger functions (Euclidean-time Green functions) for a
4. Universal short-distance asymptotics controlled by UV CFT.
» For critical lattice system with { = oo, one has universal massless scaling

limits (¢(%)6(0))] 00 = —— controlled by IR CFT.
» UV of IR (massive local QFT) = IR of UV (critical lattice model).



» 2D Ising CFT/Massive Ising QFIs. h = 0,T — T massive scaling functions
worked out in mid 1970s by Barry McCoy.

1. W)lxs0 == (1+ ~In—+7 +—1 eYE"+---)

x4-

2. Asymptotic description in terms of perturbation theory to UV

CFT: (o(x)a(0) exp f d2x me(x)), 0o

3. The perturbation is — finite number of logarithms at
each power. Absence of logarithm at leading power.



* What if the dimension of the perturbation = space-time dimension ?
Then the perturbation is called

» Marginal perturbative series is tricky to handle and has certain special
features.

1. Fixed order PT suffers UV/IR divergences and must be renormalized, resulting in
increasing numbers of logarithms that might destroy the asymptotic nature of the
PT expansion.

2. Can be handled only after the discovery of RGE structure in early 1970s. Key
observation: logarithms re-summed into



QCD. UV CFT = free quarks and gluons. Perturbation theory = QCD
perturbation theory.

. Massless 4D scalar A¢*. IR limit of 4D critical Ising. IR CFT = free scalar (4D
scalar “triviality”. Proven in 2019.) 4D massless QED is similar.

. O(N) non-linear sigma models && Gross-Neveu models in 2D.
UV CFTs = free “pions” or fermions. QCD like.

., B? - 8w Sine Gordon && gJ%]® perturbation to ¢ = 1 SU(2) CFT in 2D.
depending on the sign of g. Generalizable to ¢ = % SU(2) CFT
(su(2)x WZW models). IR limit of critical AF integrable spin chains with s = %

. In special cases, marginal perturbation to a CFT is another CFT: N = 4 maximally
supersymmetric CFI in 4D && “e expansions”.



= The Prime Number Theorem:

nl
m(x) - lnxzn =0ygn % 7 %

1. a(x) = —: the “running coupling constant”.

2. Nonfalternatmg factorial growth: Borel non-summable.

3. Borel re-summation: f has a singularity at t = 1.

xdt

4. Large m(x) — PV [ i = 0(v/x). “Resurgence” fails.



» Fuclidean correlator: G(zm) = z%%0{0|0(z)0(0)|0). Universal z?2 = 0
asymptotic expansion:

G(zm) - 0(mz).
1 . .
1 a(z) - st the running coupling constant.
2. Minimal scheme: % s Ina = f,In ml*z. Each m* speficies a (such as MS).
0

3. y4:the LO anomalous dimension.
4. REG resumed form of the perturbative series calculated through Feynman diagrams.



= Anomalous dimension y, (@) has

» Requires specific singularity structure of Feynman integrals. Key structure:
Natural factorization in each Hepp sector through maximal-forest of UV
singularity.

» UV-IR conspiracy between leading-power and high-power. Renormalon
cancellation. Example: pole mass vs linear divergence in HQET.



» Introduction to marginal asymptotics in local QFT.

» Lessons from 2D large N Gross Neveu



= Next simplest object. Structure functions . completely Euclidean.

F(z%,4 = —zv - P) = (P|Y(zv)v - y[2zv, O]t/)(O)‘P)C (v? =-1)

1 F(z%2) = [, F(z% a)e"*%da, Fy(z%) = [, a"F(z2, a)da.
= The : —z%— 0 at fixed 1.
1. The limit can still be controlled by single-log asymptotics.

—2
2. Fy(2?) ~ Hy(a(2)) exp ([, 5 da) 0, (1) (L + 0(@2m?)

3. Coefficient function (partonic) &&




» Now, consider the coefficient function H (z?,i1) && Hy(z2).

* In the threshold limit A - +o0 && N — +o0 one has “double-log” type

asymptotics.
1. The threshold limit is UV.

2. “Sudakov double-logarithms”

1
a(zn)

Ina(zy) ~—InNInlnN.

3. —Yn— 2lusp INNeVE +yg,y

Hu (2, a(u)) = Hiy (o,a(zm) 7(0, a(z)) exp (éﬂmmn 4 O.f(a(z)))

0
X exp (mn Ne (fr(a(u)) - %lna(m) + forviar(a(e) - L na(y)

).

(3.12)

In the above, the i independent re-summation factors 0 g and 0O J are naturally written

in terms of a(zy) = a % and o(2) = « (—28|;TE) as

2 1 212 0
0 + Pro In? oz 2f 7 Ina(zy)

" Balzy)  ealzn) | B Bo N

+ 25& Ina(zn)ks(a(zn)) + Q%zﬁ(a(m) — 2g0(e(2n)) = fu(a(zn))
0 0

A _ 2 1 By, 2 249
Oy(a(z)) = Ba(2) In calz) A In* a(z) B Ina(z)

_ Zﬂ In a(2)kg((z)) — Zﬂﬂlg(a(z)) + 2g9r(a(2)) + fr(a(2)) .
) 0

On(a(zy)) = )+

(3.13)




The crucial object : the heavy-light Sudakov hard kernel.
External : p? = 0 && v? = —1 (heavy-gauge-link to infinity)

2ip ‘v
I

2ip-v
P

Hy; = Hy; (In ,a(u)) dependson L, = In

din Hyj,
du

Double-log evolution: u = 2lcuspLy + 2¥r + vy + 2yyL — ¥s.

Yr: heavy-light current. yy: light-light Sudakov. y; : heavy-light Wilson-line
cusp. ¥s: light-light Wilson-line cusp.

Know to NNLO.



2305.04416, Ji & Liu & Su

* One needs also the threshold soft factor:
= J(ly a(w) = (Q|T[zv + con™, zv][zv, 0][0, —con*]|Q2).
» nt = % (1,0,0,1) is the light-front plus direction.

din J YE
ﬂ% = 2l cusp lneTuIZI — 2yyL + 2Vs.
» Relates to another time-like heavy-quark jet function at NNLO through

analytical continuation.



2305.04416, Ji & Liu & Su

» The threshold soft factor: time-like (left) vs space-like (right).

~~ ”» 2'2
* Re-sums “soft exchanges” at scale z% > .
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* We have checked that up to NNLO, one has the threshold factorization

(2, () s = B (10277 0) 7 (12,00)) (1407 ) )
w o ow
H(zQ,)\,a(u)) _ e—i*HﬁL(l —t a(,u))J(lz,a(u)) | )

n—7
2|

» The crucial feature: the threshold scale (g or %) is



Threshold factorization 2311006907, L it & Su

S ————

» Given the RGEs, one has the fully factorized form of the threshold limit
(moment space as an example):

Hu (2 o) = Hiy (o,a(zm) J(0,a(2)) exp (éma(zw)) " éj(a(z»)

0
X exp (2 In Nee (fr(a(u)) -2 lna(u)) + fusvsar(a(u) - 2L ma(u)) .
(3.12)

In the above, the p independent re-summation factors Oy and Oy are naturally written

in terms of a(zy) = (%) and a(z) = « (2e|;‘|yE) as

2 1
LI + B1vo

T Ba(zy)  ea(en) | B

+ 2,8%.0 Ina(zn)ks(a(zn)) + %lﬁ(a(ZN)) —2gr(a(zn)) — fu(a(zn)) ,

A 270 1 B1vo , 2 22+
az)) = In - In“a(z) — — Ina(z
O(a(2) 6ga(z) ea(z) ﬁg (2) Bo (2)

- Zﬁﬂ In o(2)kg(a(z)) — Zﬂﬂlg(a(z)) + 2gr(a(2)) + fi(a(2)) . (3.13)
0 0

212 + Y Ina(zy)

OH(O!(ZN)) = 11’12 a(zN) -+ T ZN
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» A new feature of the threshold expansion for H} is the presence of linear
renormalon for the leading threshold-power hard kernel Hy; .

» Direct computation for bubble chain diagrams gives (s = (n + 1 )€)

v — "t Cp (50>"V(e, (n+ 1)e)

2 2 (n + 1)2ent2

ey [TOp % ey (e— 1)sT'[1 — s]
Viggd) = ¢ (2p7> fe): sin [27rs]F[2 — 8 — e] '

. . 1
» The sin 27ts leads to a linear renormalon at s = =
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» After renormalization one obtains the Borel-transform:

=, t" RV, Cr e u" d""2V,(u
B(’u)=2— =R(U)+ FZ 0( )|u:0

< nl antl 3 £ (n+2)! dumt2
— , —

2 u? ’

Su o s u
1 ues 1 isign(z) p?
Vo(u) = - :
(u) 2u—1 (sinwu T s mu ) (4p§

1 . . .
" Apoleatu = 7. What is its role in the threshold expansion ?



2311.006907,

* One can investigate the bubble chain diagram for the coefficient

functions.

& Su

» Result known before (Braun.2018). Only “Sudakov-diagram” requires

attention (s = (n + 1)e¢). No linear renormalon!

2I'(1 — s)I'(2 NT =
e ( S)Q(S) (z_) (2F2(1,28;—€+8+2,28+1;—/\)

bn(22,i0) =
n( ) (i) 1
+2/\<2F2(1,2s+1;—e+s+2,25+2;—)\)— 215‘2(2,2s+1;—e+s+3,2s+2;—)\))) :

ban(2%) = — DQF(_S) (Z2)S(NI(2S,S—€+1;N—1)+SI(28—l,S—E;N)) :
(4m)2T(s —e+1) \ 4

1 1
I(a,b;N)E/ t“dt/ z* (1 —zt)N dz
0 0
3F2(1,—a,—b;1—a, N +2;1) Cla+1)I'(b+1) )

= -T(N + 1)I(—a) (

I'(1 —a)I'(N +2) I'(—a+b+1I(a+N+2)/)
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* One can now perform the threshold expansion in both spaces.

2me* (2] (1 - el(=s)
hn(z A) = 7r)z (2)\) sin27wsI'(2 — s —¢€)

(4
() (s S o)

i) b5 o()
203 (e 2t o)

» The first term is exactly the HI Sudakov hard kernel. (Linear
renormalon).

» The second term is the LP threshold soft factor. (No linear renormalon.)



» The term at next-to-leading threshold power is:

NLP(,2 ; —_é 2 2\"_ (e=1I'(=9)
by, (2%,0)) = ,\(4W){;(4) (2s—1)F(1—e+s)

» Tt cancelsthe s = % renormalon for the LP HI hard kernel

oe® [1z|\** (1 —€)I'(—s)
(47)2 (2)\) sin27ws['(2 — s — ¢€)

« This is due to the fact that threshold scale is = = —— . Otherwise, it will not

Al |p-v
cancel.
2311.006907, I it & Su
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= What is the nature of the NI P contribution?

» At level of bubble-chain diagram. Only one operator:

- 0
Jo(z,a(p)) = %<Q|c>onﬁL + znz,znz][znz,O]/ dz™[0,2%]D7 [z, —o0]|Q) .

» Sub-eikonal at external quark

. . . 2
i(pT + k+). _ _z L ki Lo 1 |
(p+k)2+i0 2(k—+1i0) ptd(k—)?



* One can show the bubble-chain dlagram for ], exactly reproduces the
NLP contribution.

NLP(,2 . —_ﬁ 2 2_2 B Gl V) )
b (27,0A) = ,\(47r)§(4) (28—1)1-‘(1_6+3).

= The operator for J; is dimensional 1- possible linear UV divergence.

* Introducing a cutoff UV regulator a > 0, one has

e, (z,a) =

i X (ﬁ(e —1)22738g2s-1T ()% - s))

(47) 3 sinmws['(—e+s+1

i 2 2_2 ° (e — 1)I'(—s) »
2p% (47) 2 (4) (25— )(—e+s+1) ' Olaz) . 2311.006907, I iu & Su




* Introducing a cutoff UV regulator a > 0, one has

. 3 g, 94
g )=t _[(YEE— 122 a5 )
(47) 2 p* sinsI'(—e+s+1)

i 2 2\ (e — 1)I'(—s) "
zpz(47r):§2 (4) (25—1)F(—6+s+1)+0( b

(Vllw]

» The firs term is “linear UV divergence”. The second term is finite part”.
1, .
" The s = - singularity cancel between them.

» Thus the linear renormalon of the NLP soft factor is

2311.006907, Liu & Su
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A

Z

1
¥4

= The scale separation in the threshold limit: |=| > — > Agcp.

» Linear renormalon is due to the ambiguity of separating the first two

: A : 1
hard scales. IR with respect to | | but UV with respect to T

» Genuine non-perturbative indicator: threshold soft factors. Only
quadratic or higher. Consistent with Braun.2018.

» High renormalon only leads to



A conjecture.

S ———— s - - T ——— == =

nan
» High renormalon only leads to 2 mﬁw with m = 1. No enhancement of

non-perturbative effect in the threshold limit.

» This leads to the conjecture: the threshold expansion and twist
expansion for coordinate-space correlators commute.

» I can show this in the 2D large N Gross-Neveu.



» Introduction to marginal asymptotics in local QFT

» Threshold asymptotics of quark-bilinear coefficient function




Liu, 2403.06787

» Exact calculation at % using a trick in Braun/Beneke 1998 (O(n) model).

(p, ¥ (x)¥' (0)|p, i) — (p, il¥’ (z)¥’ (0)|p, i)
= F(z,p) = a(p)u(p)fa(2*m?, X) + miu(p)¢u(p) fo(z°m?, X) , (2.1)

» Twist expansion can be performed exactly (f, = —F; + F,)

(57 2)I [Tay () (seaam +dream)



2D Gross Neveu: Twist expansion. Liu, 2403.06787

————— - = - — ——— s - = ~=

* Renormalon all cancels. Converges absolutely for any z2 > 0.

>/ 22m2\" )
Fl(z2m2:A) =Z (T) q, ()‘:M)
=0

2,2\ poo X s o2 2\P
3 (z iy ) /n dtz(z S ) (Hi’p(t’“(z)’*’“)+Qi”’(t,k,u)) ,
1=0 =0

(=1)HPr (21 +2)T'(2t +2p + 1)T(—=1 — p — t)

’Hl’p t,a(z),\) = e 2qi(=N)
i (6 (), A) Arl'pT'(2t+p+ 1) (=@’ 1-a? ' ((1-a)’\ l1+data’
~ 52572 t _/0 (47ra21n2a)+(1+a)36 +/0 a(47ra2lna)+ 14+ @) €
x1F1(2+2l,1+2l+p+t,—/\)( 1 ) ) +/\4:1(7E-31n2)—1;1—:-

~_ (=nrr@i+2)r2p+1) I(t—p)
B 4rl!(1 + p)! I't+p+1)

Fi(24 20,1420 +p,—)N) .



2D Gross Neveu: threshold expansion pi, 14030677

» Threshold expansion can also be performed:

Fi(z°m?, s, \)

oo o0

| (m1)*H Tk +20+25+2), _1_o1_9_o, [ 22m? :
v ;};I‘(—l—s) k!l! '(-k—-s-1) X 4 '

l = (1D T(k+20+2) 1 oo [ 22m? st

he 2, 2 k—2l—-2

Fy(2*m* s, 0) ~ 22> ) Tls =1 T — 4 '
k=0 [=0

* Only thing to worry: (1%2)~%. But no problem!



Liu, 2403.06787

» Terms with (1725) has no enhancement at large A:

Q1

B B / dt/c+zoo ds (s+ 1)['(1 —2s)'(2s + 2)['(s + t) (/\2)_3
T 47A? . [(—s+t+1)

1 /1 1 11 191 1
k=0 - . sl
N = (2 2 T e tY </\8> ) '

= Thus, power (z2m?)! in F$ decay at large A at most

A—Z—Zl

* No contflict between threshold and twist expansion!
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» Unlike the twist expansion, the threshold expansion is only asymptotic.
» Even at the bubble chain level, one can see this (back to QCD)

N 2 (l2\* (7 (1-er(=s)
A 2 / — -
€ h'n(z ) L)‘) (47]_)% ( g ) (,\23 sin 271‘SF(2 — = f)

F(—S) C (—1)*(e — 1)I'(—s)
D (25 —K)T(s — e+ 2 — k),\k)

o (8 (S et at)

k=1

» Exponentially small terms due to “small-x” limit.

» Resurgent relation between threshold and “small-x” asymptotics !



» Marginal Sudakov asymptotics through quark-bilinear coefficient function in
threshold limit.

» Threshold scaleis UV. » Agcp. Ambiguity of separating the two
hard scales: linear threshold renormalon.

» Cancel with UV renormalon of NLP threshold soft factor.
* No enhancement of non-perturbative effect in the threshold limit.

» Threshold expansion commute with twist expansion: exact verification in
large N Gross-Neveu.

" Diverﬁfnce of threshold expansion. Resurgent relation between small-x limit
and threshold limit.



