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Outline

Motivation


 and  @ two loops


IR pole predictions


Results


Outlook 

e+e− → μ+μ− qq̄ → tt̄
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eµ-scattering @ NLO

Anatomy

Born matrix element 
tree-level & n-pt process

Real contribution 
Tree-level (n+1)-particles

Virtual Contribution 
one-loop n-particles

No assumption made in the newest result

QED & EW effects

Full lepton mass dependence 

Fully differential fixed order MC @ NLO

[Carloni Calame, Alacevich, Chiesa, Montagna, Nicrosini, Piccinini (2018)]

�̂NLO ⇠
Z

d�m+1

d�̂R

NLO
+

Z

d�m

d�̂V

NLO + MC integration

µ+(p1) + e�(p2) ! µ+(p3) + e�(p4)
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Anatomy

Real-Real contribution 
Tree-level (n+2)-particles

Real-Virtual Contribution 
one-loop (n+1)-particles

Virtual-Virtual Contribution 
two-loop n-particles

�̂NNLO ⇠
Z

d�m+2

d�̂RR

NNLO
+

Z

d�m+1

d�̂RV

NNLO
+

Z

d�m

d�̂V V

NNLO

+ Subtractions & MC integrations

+

[McMule framework]

[OpenLoops framework]

[Bonciani et al  (2021)]

eµ-scattering @ NNLO

µ+(p1) + e�(p2) ! µ+(p3) + e�(p4)



William J. Torres Bobadilla 6

Anatomy

Real-Real contribution 
Tree-level (n+2)-particles

Real-Virtual Contribution 
one-loop (n+1)-particles

Virtual-Virtual Contribution 
two-loop n-particles

�̂NNLO ⇠
Z

d�m+2

d�̂RR

NNLO
+

Z

d�m+1

d�̂RV

NNLO
+

Z

d�m

d�̂V V

NNLO

+ Subtractions & MC integrations

+

[McMule framework]

[OpenLoops framework]

[Bonciani et al  (2021)]

eµ-scattering @ NNLO

µ+(p1) + e�(p2) ! µ+(p3) + e�(p4)



William J. Torres Bobadilla 6

Anatomy

Real-Real contribution 
Tree-level (n+2)-particles

Real-Virtual Contribution 
one-loop (n+1)-particles

Virtual-Virtual Contribution 
two-loop n-particles

�̂NNLO ⇠
Z

d�m+2

d�̂RR

NNLO
+

Z

d�m+1

d�̂RV

NNLO
+

Z

d�m

d�̂V V

NNLO

+ Subtractions & MC integrations

+

[McMule framework]

[OpenLoops framework]

[Bonciani et al  (2021)]

This talk

eµ-scattering @ NNLO

µ+(p1) + e�(p2) ! µ+(p3) + e�(p4)
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Analytic evaluations

J(L),D
N (1,…, n; n + 1,…, m) = ∫

L

∏
i=1

dDℓi

ı πD/2

∏m
k=n+1 D−νk

k

∏n
j=1 Dνj

j

…q1 q`

1

2

3

k

k+1

N

…
Dk+1

Dk�1

Dk

…

In loop calculations, one finds

Complexity easily increases:

m2 = 0

Di = q2
i − m2

i + ı0

m2 ≠ 0

1
ϵ

(−p2)−1−ϵ(−2 +
π2

6
ϵ2 +

14
3

ζ3ϵ3 + 𝒪 (ϵ4)) 2
(−p2)(4m2 − p2)

log
1 − 4m2 /p2 + 1

1 − 4m2 /p2 − 1
+ 𝒪 (ϵ)

m2 ≠ 0

� 4K (�)

(p2 +m2)
p
a13a24


2E4

✓
0 �1
0 1 ; 1,~a

◆
+ E4

✓
0 �1
0 0

; 1,~a

◆
+ E4

✓
0 �1
0 1

; 1,~a

◆�

K(�) =

Z 1

0

dxp
(1� x2) (1� �x2)

E4
✓

n1 . . . nk

c1 . . . ck
; t,~a

◆
=

Z x

0
dt n1 (c1, t,~a) E4

✓
n2 . . . nk

c2 . . . ck
; t,~a

◆

<latexit sha1_base64="77rVfE6E4la41/60Zdh+78cK5E0="></latexit>

—> squared roots

—> elliptic integrals
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Algorithms for computing Feynman integrals

Standard approach

DEQ :: Feynman integrals are not independent

[Henn (2013)]

∂x
⃗J (x) = Ai(x, ϵ) ⃗J (x)

Canonical form 
Conjecture: there exist a basis of uniform 
transcendental weight functions

∂x ⃗g (x) = ϵB(x) ⃗g (x) d ⃗g (x, ϵ) = ϵ (dB̃) ⃗g (x; ϵ)
B̃ = ∑

k

Bk log αk(x) Uniform weight function

m2 = 0

1
ϵ

(−p2)−1−ϵ(−2 +
π2

6
ϵ2 +

14
3

ζ3ϵ3 + 𝒪 (ϵ4))

Solution in terms of iterated integrals ::  HPL/GPL (PolyLogs)

𝒢 (a1, …, an; x) = ∫
x

0
dt

1
t − an

𝒢 (a1, …, an−1; t)
Numerical implementations:  
GinaC, HandyG, FastGPL, … 



e+e� ! µ+µ�

<latexit sha1_base64="xxf1NQyNFWpmvq8UpHUzhH5QXnw="></latexit>

emu scattering —> di-muon production

Close connection to   
(completely known numerically in literature)

qq̄ ! tt̄

<latexit sha1_base64="h6vQjmIg+a6uPyhlqP1Q+/gy6V0=">AAAB/XicbZDLSsNAFIYn9VbrLV52boJFcFUSqeiyoAuXFewFmlAm00k7dDJJZ06EGoKv4saFIm59D3e+jdM0C239YeDjP+cw5/x+zJkC2/42Siura+sb5c3K1vbO7p65f9BWUSIJbZGIR7LrY0U5E7QFDDjtxpLi0Oe044+vZ/XOA5WKReIepjH1QjwULGAEg7b65tHE9bFMJ5kLkQU5Q9Y3q3bNzmUtg1NAFRVq9s0vdxCRJKQCCMdK9Rw7Bi/FEhjhNKu4iaIxJmM8pD2NAodUeWm+fWadamdgBZHUT4CVu78nUhwqNQ193RliGKnF2sz8r9ZLILjyUibiBKgg84+ChFuzS3UU1oBJSoBPNWAimd7VIiMsMQEdWEWH4CyevAzt85pTr13c1auNmyKOMjpGJ+gMOegSNdAtaqIWIugRPaNX9GY8GS/Gu/Exby0Zxcwh+iPj8wcxzJW4</latexit>

[Bonciani, Ferroglia, Gehrmann, Studerus (2009)] 
[Barnreuther, Czakon, Fiedler (2013)]

Checks from QCD to QED

 @ two loopse+e− → μ+μ−
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Anatomy of  (up-to two loops)e+e− → μ+μ−

Tree-level 

One-loop

Two-loop
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Anatomy of  (up-to two loops)e+e− → μ+μ−

Two-loop

69 diagrams  
@ 2-loop

Automatically 
organised in 

groups

Integrand 
reductions by 

means of AIDA
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Algebraic decomposition

.

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2) +O
�
↵3

��

<latexit sha1_base64="bbxmXnfTCARYSZkuXZvOVl1M62A="></latexit>

s = (p1 + p2)
2 , t = (p2 � p3)

2 ,

u = (p1 � p3)
2 , s+ t+ u = 2M2 .

<latexit sha1_base64="qnOnTAt5IjWP/REWTrmDBo1jhx8="></latexit>

Compute interference

e+e� ! µ+µ�

<latexit sha1_base64="FDE/3DJORdCxdWAI7RWrcQJyRs8=">AAACBHicbVBNS8MwGE7n15xfVY+7FIcgyEYrEz0O9OBxgvuAtY40S7ewpClJKozSgxf/ihcPinj1R3jz35h2PejmA0mePM/7kryPH1EilW1/G6WV1bX1jfJmZWt7Z3fP3D/oSh4LhDuIUy76PpSYkhB3FFEU9yOBIfMp7vnTq8zvPWAhCQ/v1CzCHoPjkAQEQaWloVnF98lpqrd66irusji75kc9HZo1u2HnsJaJU5AaKNAeml/uiKOY4VAhCqUcOHakvAQKRRDFacWNJY4gmsIxHmgaQoall+RDpNaxVkZWwIVeobJy9XdHApmUM+brSgbVRC56mfifN4hVcOklJIxihUM0fyiIqaW4lSVijYjASNGZJhAJov9qoQkUECmdW0WH4CyOvEy6Zw2n2Ti/bdZa10UcZVAFR+AEOOACtMANaIMOQOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wf1m5hQ</latexit>

M(2) (eµ ! eµ) =
X

k

ck
�
s, t,m2, ✏

�
I(2)k

�
s, t,m2, ✏

�

O(10000) monomials O(100) MIs

Integrand/integral reductions

[Aida :: Mastrolia, Peraro, Primo, Ronca, W.J.T.]

[Reduze :: Studerus, von Manteuffel (2012)]

+

<latexit sha1_base64="192wDMxCUyxM2EVMxPRTX/L3j+4=">AAACB3icbVBNS8MwGE7n16xfVY+CFMdAGButTPQ40IPHCe4D1jrSLN3C0qYkqTBKb178K148KOLVv+DNf2Pa9aCbDyR58jzvS/I+XkSJkJb1rZVWVtfWN8qb+tb2zu6esX/QFSzmCHcQo4z3PSgwJSHuSCIp7kccw8CjuOdNrzK/94C5ICy8k7MIuwEch8QnCEolDY3jKr5Paqna6qkjmRPE2TU/6qleGxoVq2HlMJeJXZAKKNAeGl/OiKE4wKFEFAoxsK1IugnkkiCKU92JBY4gmsIxHigawgALN8nnSM2qUkamz7haoTRz9XdHAgMhZoGnKgMoJ2LRy8T/vEEs/Us3IWEUSxyi+UN+TE3JzCwUc0Q4RpLOFIGIE/VXE00gh0iq6HQVgr048jLpnjXsZuP8tllpXRdxlMEROAGnwAYXoAVuQBt0AAKP4Bm8gjftSXvR3rWPeWlJK3oOwR9onz8HIZjI</latexit>

In the massless electron limit (             ) 
4-point process depending on 3 scales

m2
e = 0

<latexit sha1_base64="YGRRQZwEZuEIyMPR50uq6xY8IMg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFb0IRS8eK9gPaNeSTdM2NMkuSVYoy/4NLx4U8eqf8ea/MdvuQVsfDDzem2FmXhBxpo3rfjuFtfWNza3idmlnd2//oHx41NZhrAhtkZCHqhtgTTmTtGWY4bQbKYpFwGknmN5mfueJKs1C+WBmEfUFHks2YgQbK/XFIKHpY1JLr93SoFxxq+4caJV4OalAjuag/NUfhiQWVBrCsdY9z42Mn2BlGOE0LfVjTSNMpnhMe5ZKLKj2k/nNKTqzyhCNQmVLGjRXf08kWGg9E4HtFNhM9LKXif95vdiMrvyEySg2VJLFolHMkQlRFgAaMkWJ4TNLMFHM3orIBCtMjI0pC8FbfnmVtGtVr169uK9XGjd5HEU4gVM4Bw8uoQF30IQWEIjgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8ATESkSI=</latexit>

M(n)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(n)

⌘

<latexit sha1_base64="yX2zXbGgf40xTJMNUDDMP3ut3rA="></latexit>
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Algebraic decomposition

.

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2) +O
�
↵3

��

<latexit sha1_base64="bbxmXnfTCARYSZkuXZvOVl1M62A="></latexit>

s = (p1 + p2)
2 , t = (p2 � p3)

2 ,

u = (p1 � p3)
2 , s+ t+ u = 2M2 .

<latexit sha1_base64="qnOnTAt5IjWP/REWTrmDBo1jhx8="></latexit>

Compute interference

In the massless electron limit (             ) 
4-point process depending on 3 scales

m2
e = 0

<latexit sha1_base64="YGRRQZwEZuEIyMPR50uq6xY8IMg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFb0IRS8eK9gPaNeSTdM2NMkuSVYoy/4NLx4U8eqf8ea/MdvuQVsfDDzem2FmXhBxpo3rfjuFtfWNza3idmlnd2//oHx41NZhrAhtkZCHqhtgTTmTtGWY4bQbKYpFwGknmN5mfueJKs1C+WBmEfUFHks2YgQbK/XFIKHpY1JLr93SoFxxq+4caJV4OalAjuag/NUfhiQWVBrCsdY9z42Mn2BlGOE0LfVjTSNMpnhMe5ZKLKj2k/nNKTqzyhCNQmVLGjRXf08kWGg9E4HtFNhM9LKXif95vdiMrvyEySg2VJLFolHMkQlRFgAaMkWJ4TNLMFHM3orIBCtMjI0pC8FbfnmVtGtVr169uK9XGjd5HEU4gVM4Bw8uoQF30IQWEIjgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8ATESkSI=</latexit>

Plug analytic expression of MIs

[Bonciani, Ferroglia, Gehrmann, von Manteuffel (2008-13)] 
[Mastrolia, Passera, Primo, Schubert (2017)]


[Di Vita, Laporta, Mastrolia, Primo, Schubert (2018)]

e+e� ! µ+µ�

<latexit sha1_base64="FDE/3DJORdCxdWAI7RWrcQJyRs8=">AAACBHicbVBNS8MwGE7n15xfVY+7FIcgyEYrEz0O9OBxgvuAtY40S7ewpClJKozSgxf/ihcPinj1R3jz35h2PejmA0mePM/7kryPH1EilW1/G6WV1bX1jfJmZWt7Z3fP3D/oSh4LhDuIUy76PpSYkhB3FFEU9yOBIfMp7vnTq8zvPWAhCQ/v1CzCHoPjkAQEQaWloVnF98lpqrd66irusji75kc9HZo1u2HnsJaJU5AaKNAeml/uiKOY4VAhCqUcOHakvAQKRRDFacWNJY4gmsIxHmgaQoall+RDpNaxVkZWwIVeobJy9XdHApmUM+brSgbVRC56mfifN4hVcOklJIxihUM0fyiIqaW4lSVijYjASNGZJhAJov9qoQkUECmdW0WH4CyOvEy6Zw2n2Ti/bdZa10UcZVAFR+AEOOACtMANaIMOQOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wf1m5hQ</latexit>

M(n)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(n)

⌘

<latexit sha1_base64="yX2zXbGgf40xTJMNUDDMP3ut3rA="></latexit>
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<latexit sha1_base64="qnOnTAt5IjWP/REWTrmDBo1jhx8="></latexit>

Compute interference

In the massless electron limit (             ) 
4-point process depending on 3 scales

m2
e = 0

<latexit sha1_base64="YGRRQZwEZuEIyMPR50uq6xY8IMg=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFb0IRS8eK9gPaNeSTdM2NMkuSVYoy/4NLx4U8eqf8ea/MdvuQVsfDDzem2FmXhBxpo3rfjuFtfWNza3idmlnd2//oHx41NZhrAhtkZCHqhtgTTmTtGWY4bQbKYpFwGknmN5mfueJKs1C+WBmEfUFHks2YgQbK/XFIKHpY1JLr93SoFxxq+4caJV4OalAjuag/NUfhiQWVBrCsdY9z42Mn2BlGOE0LfVjTSNMpnhMe5ZKLKj2k/nNKTqzyhCNQmVLGjRXf08kWGg9E4HtFNhM9LKXif95vdiMrvyEySg2VJLFolHMkQlRFgAaMkWJ4TNLMFHM3orIBCtMjI0pC8FbfnmVtGtVr169uK9XGjd5HEU4gVM4Bw8uoQF30IQWEIjgGV7hzYmdF+fd+Vi0Fpx85hj+wPn8ATESkSI=</latexit>

Plug analytic expression of MIs

[Bonciani, Ferroglia, Gehrmann, von Manteuffel (2008-13)] 
[Mastrolia, Passera, Primo, Schubert (2017)]


[Di Vita, Laporta, Mastrolia, Primo, Schubert (2018)]

e+e� ! µ+µ�

<latexit sha1_base64="FDE/3DJORdCxdWAI7RWrcQJyRs8=">AAACBHicbVBNS8MwGE7n15xfVY+7FIcgyEYrEz0O9OBxgvuAtY40S7ewpClJKozSgxf/ihcPinj1R3jz35h2PejmA0mePM/7kryPH1EilW1/G6WV1bX1jfJmZWt7Z3fP3D/oSh4LhDuIUy76PpSYkhB3FFEU9yOBIfMp7vnTq8zvPWAhCQ/v1CzCHoPjkAQEQaWloVnF98lpqrd66irusji75kc9HZo1u2HnsJaJU5AaKNAeml/uiKOY4VAhCqUcOHakvAQKRRDFacWNJY4gmsIxHmgaQoall+RDpNaxVkZWwIVeobJy9XdHApmUM+brSgbVRC56mfifN4hVcOklJIxihUM0fyiIqaW4lSVijYjASNGZJhAJov9qoQkUECmdW0WH4CyOvEy6Zw2n2Ti/bdZa10UcZVAFR+AEOOACtMANaIMOQOARPINX8GY8GS/Gu/ExLy0ZRc8h+APj8wf1m5hQ</latexit>

A(0) = A(0)
b

A(1) = A(1)
b +

⇣
�Z(1)

↵ + �Z(1)
F

⌘
A(0)

b

A(2) = A(2)
b +

⇣
2�Z(1)

↵ + �Z(1)
F

⌘
A(1)

b

+
⇣
�Z(2)

↵ + �Z(2)
F + �Z(2)

f + �Z(1)
f �Z(1)

↵

⌘
A(0)

b

+ �Z(1)
M A(1,mass CT)

b

<latexit sha1_base64="T4/u6+/3fV5wb2EkZesrQ2NAmNY="></latexit>

All bare amplitudes —> Computed!

M(n)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(n)

⌘

<latexit sha1_base64="yX2zXbGgf40xTJMNUDDMP3ut3rA="></latexit>
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UV Renormalisation

.

 b =
p

Z2 , A�
b =

p
Z3A

� , Mb = ZMM

<latexit sha1_base64="GYRpk/4VbfP+PxjfNAXvHpiMSBU="></latexit>

Lint = eb  ̄b /Ab  b = e  ̄ /A 

<latexit sha1_base64="HkOLAACLKSP0IxkTIIx26FefeaY="></latexit>

Z2,e = ZOS

2,e , Z2,µ = ZOS

2,µ , ZM = ZOS

M , ZMS

↵ = 1/ZMS

3

<latexit sha1_base64="9djti7NTpo+ash7sYaV1AIUX2FY="></latexit>

Fields

QED interaction vertex Fixed from QED Ward id’

Scheme :: On-shell + MSbar

A(0) = A(0)
b

A(1) = A(1)
b +

⇣
�Z(1)

↵ + �Z(1)
F

⌘
A(0)

b

A(2) = A(2)
b +

⇣
2�Z(1)

↵ + �Z(1)
F

⌘
A(1)

b

+
⇣
�Z(2)

↵ + �Z(2)
F + �Z(2)

f + �Z(1)
f �Z(1)

↵

⌘
A(0)

b + �Z(1)
M A(1,mass CT)

b

<latexit sha1_base64="KHygqegi+5uzRUsDUUqpFT+7Q+o="></latexit>

UV Renormalised amplitudes
Zj = 1 +

⇣↵
⇡

⌘
�Z(1)

j +
⇣↵
⇡

⌘2
�Z(2)

j +O
�
↵3

�

<latexit sha1_base64="LzHUcdU2a/UzIP2mLy1ywRbKLKA="></latexit>
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.

Evaluation @ s/M2 = 5 , t/M2 = �5/4 , µ = M.

<latexit sha1_base64="GfGvhQ0iIdMuvGPZpQGhguvJ25k=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUVwUdOktOimUNCFm0IF+4Amlslk0g6dPJiZCCV073f4AW71E9yJS/0Bf8NJm4W2Hhg495x7uXOPE1HChWF8Krm19Y3Nrfx2YWd3b/9APTzq8jBmCHdQSEPWdyDHlAS4I4iguB8xDH2H4p4zuUr93gNmnITBnZhG2PbhKCAeQVBIaagWeaV1n1RnjbpVLouMn9crNVlaftxo6YWhWjJ0Yw5tlZgZKYEM7aH6bbkhin0cCEQh5wPTiISdQCYIonhWsGKOI4gmcIQHkgbQx9xO5rfMtFOpuJoXMvkCoc3V3xMJ9Dmf+o7s9KEY82UvFf/1uPzKGLtL64V3aSckiGKBA7TY7sVUE6GWpqW5hGEk6FQSiBiRB2hoDBlEQmaaJmMu57BKulXdrOn121qpeZ1llAcnoAjOgAkuQBPcgDboAAQewTN4Aa/Kk/KmvCsfi9acks0cgz9Qvn4AqKKgrQ==</latexit>

M(n)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(n)

⌘

<latexit sha1_base64="yX2zXbGgf40xTJMNUDDMP3ut3rA="></latexit>

[Bonciani, Broggio, Di Vita, Ferroglia, Mandal, Mastrolia, Mattiazzi, Primo, Ronca, Schubert, W.J.T., Tramontano (2021)]

[Ginac :: Vollinga, Weinzierl (2004)]

[HandyG :: Naterop, Signer, Y. Ulrich (2019)]

Numerical evaluation of eµ @ two loops
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.

tree- & one-loop contributions —> two-loop IR poles after UV renormalisation
[Czakon, Mitov, Moch (2007)]


[Becher, Neubert (2009)]

[Hill (2017)]M(1)

���
poles

=
1

2
ZIR
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���
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ZIR
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�
ZIR
1

�2⌘M(0) + 2ZIR
1 M(1)

i ���
poles

<latexit sha1_base64="stvgov85/v6YIH295MNjBrad5hg="></latexit>

Anomalous dimension —> IR structure

� = �cusp (↵) ln

✓
� s

µ2

◆
+ 2�cusp (↵) ln

✓
t�M2

u�M2

◆
+ �cusp,M (↵, s) + �h (↵, s) + �l (↵, s)

<latexit sha1_base64="Xy/N/QF0YThUrUoypvZk+9EL6dg="></latexit>

IR renormalisation factor

lnZIR =
↵

4⇡

✓
�0
0

4✏2
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<latexit sha1_base64="k/pNtsXiuslOQ9BY/EsX1OCLHKc="></latexit>

�0 =
@

@ lnµ
� (↵)

<latexit sha1_base64="GqJS9JXmtrHN7TCiftkVUYsvDO4="></latexit>

Full agreement of the IR poles structure obtained 
by direct calculation of the two-loop diagrams 

real & imaginary part!

IR Structure w/ massive particles in the loop



e+e� ! µ+µ�

<latexit sha1_base64="xxf1NQyNFWpmvq8UpHUzhH5QXnw="></latexit>

  
(one-loop) x (one-loop)

e+e− → μ+μ−
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Anatomy of  (one-loop x one-loop)e+e− → μ+μ−

(One-loop) x (One-loop)

x

Extensive use of tensor reduction :: FeynCalc

Product of one-loop master integrals

∑
ij

cij (s, t, M2; ϵ) Ii (s, t, M2; ϵ) I*i (s, t, M2; ϵ)
MIs needed up-to 

complex conjugate MIs

𝒪 (ϵ2)

Read off all contributions
ℳ(1+1) =

0

∑
k=−4

ℳ(1+1)
k ϵk + 𝒪 (ε)



e+e� ! µ+µ�

<latexit sha1_base64="xxf1NQyNFWpmvq8UpHUzhH5QXnw="></latexit>

 @ two loopsqq̄ → tt̄
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Anatomy of  (up-to two loops)qq̄ → tt̄
Same kinematics as in e+e− → μ+μ−

Two-loop :: more diagrams ~220 New topologies appear

Vanish because of colour algebra

∝ Ta
ijT

a
lk f abc (TdTc)kl (TbTdTa)ji

= 0

No additional master integrals needed

[Mandal, Mastrolia, Ronca, W.J.T. (2022)]
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Numerical evaluation   at two loops qq̄ → tt̄
[Mandal, Mastrolia, Ronca, W.J.T. (2022)]

Evaluation @ s/M2 = 5 , t/M2 = �5/4 , µ = M.

<latexit sha1_base64="GfGvhQ0iIdMuvGPZpQGhguvJ25k=">AAACIHicbVDLSsNAFJ3UV62vqEs3oUVwUdOktOimUNCFm0IF+4Amlslk0g6dPJiZCCV073f4AW71E9yJS/0Bf8NJm4W2Hhg495x7uXOPE1HChWF8Krm19Y3Nrfx2YWd3b/9APTzq8jBmCHdQSEPWdyDHlAS4I4iguB8xDH2H4p4zuUr93gNmnITBnZhG2PbhKCAeQVBIaagWeaV1n1RnjbpVLouMn9crNVlaftxo6YWhWjJ0Yw5tlZgZKYEM7aH6bbkhin0cCEQh5wPTiISdQCYIonhWsGKOI4gmcIQHkgbQx9xO5rfMtFOpuJoXMvkCoc3V3xMJ9Dmf+o7s9KEY82UvFf/1uPzKGLtL64V3aSckiGKBA7TY7sVUE6GWpqW5hGEk6FQSiBiRB2hoDBlEQmaaJmMu57BKulXdrOn121qpeZ1llAcnoAjOgAkuQBPcgDboAAQewTN4Aa/Kk/KmvCsfi9acks0cgz9Qvn4AqKKgrQ==</latexit>

Full agreement w/ literature

[Czakon(2008)] 
[Bonciani, Ferroglia, Gehrmann,  

Maitre, Studerus (2008)] 

[Bärnreuther, Czakon, Fiedler (2014)]



Results



William J. Torres Bobadilla 23

.

M(2)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(2)

⌘

<latexit sha1_base64="0qVo2XmoayPusV6eMBf/FvSY26k="></latexit>

 

Finite reminders for  @ two-loope+e− → μ+μ−
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.

M(2)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
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⌘
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Finite reminders for  @ two-loopqq̄ → tt̄



Conclusions



William J. Torres Bobadilla 26

Conclusions

Open questions & future directions

Threshold expansion for both di-muon and top-pair production @NNLO 

Extension to further QED processes (e.g. Compton scattering)

Towards the NNNLO frontier

First QED analytical two-loop calculation for di-muon production process 

Inclusion of non-zero electron mass to electron-muon elastic scattering 
calculation: massification 

Differential and total cross section @ NNLO

We have reached:


