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From TMDs to Collins-Soper kernel
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• CS kernel encodes the rapidity scaling properties of transverse momentum dependent 
parton distribution functions (TMDPDFs) / wave functions (TMDWFs):
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ln fTMD(x, b?, µ, ⇣) = K(b?, µ)

• TMDs universal in Drell-Yan process and semi-inclusive deep inelastic scattering

Chapter 2

Nucleon Structure from Deeply
Inelastic Scattering Experiments

This chapter briefly reviews the role TMD PDFs play in our understanding of scattering
processes. The correlators introduced here will be the starting point for our lattice cal-
culations described in the rest of this work. However, as we will explain, specifying the
correlators precisely is a di�cult task and still a matter of ongoing research.

2.1 Experimental Setups

To determine the structure of the nucleon experimentally, it is advantageous to probe
the nucleon with interactions that can be described accurately in perturbation theory.
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Figure 2.1: Two examples of processes sensitive to TMD PDFs. We draw the leading
contributions, in which a single electroweak gauge boson (wiggled lines) is exchanged.
(a) The Drell-Yan process. Two hadrons A and B collide to form a lepton pair l, l̄ and a
number of other particles subsumed in X.
(b) The SIDIS process. A lepton l scatters o↵ a hadron H (typically a proton), leading
to the production of a hadron h as part of a jet. Apart from h, all particles in this jet and
in the debris of H are collected in X.

Drell-Yan SIDIS

[BU. Musch, arXiv:0907.2381]

• Extraction of CS kernel on the lattice: 
• From ratio of TMDWFs within LaMET 
• From ratio of TMDPDFs using Mellin moments

[M. A. Ebert, L. W. Stewart and Y. Zhao, PRD 99, 034505]
[A. A. Vladimirov and A. Schaefer, PRD 101, 074517]

• An application of CS kernel: from quasi TMDs to physical TMDs [X. Ji and Y. Liu,  PRD105,076014]
<latexit sha1_base64="r23e7ZBzZtxkLlOkmSBSguGm5Nk="></latexit>

 ̃+(x, b?, µ, ⇣z)S
1/2
r (b?, µ) = H

+(⇣z, ⇣̄z, µ
2) exp

h1
2
K(b?, µ) ln

�⇣z � i✏

⇣

i
 +(x, b?, µ, ⇣) +O

⇣⇤2
QCD

⇣z
, · · ·

⌘



3

dinal momentum fraction x, transverse spatial separation
b⊥, which is the Fourier-conjugate to the transverse mo-
mentum k⊥, as well as the renormalization scale µ and
rapidity scale ζ which is related to the hadron momen-
tum. The µ-dependence of CS kernel K (b⊥, µ) satisfies
the renormalization group equation (RGE):

µ2 d

dµ2
K (b⊥, µ) = −Γcusp (αs) . (2)

Here Γcusp (αs) = αsCF /π+O(α2
s) is the cusp anomalous

dimension, which has been calculated in perturbation
theory up to 2-loop in Ref. [36], and 3-loop in Ref. [37].
The solution to the RGE can be expressed as:

K (b⊥, µ) = −2

∫ µ

1/b⊥

dµ′

µ′
Γcusp (αs (µ

′)) +K (αs (1/b⊥)) .

(3)

For large b⊥ with b−1
⊥ ! ΛQCD, the CS kernel becomes

nonperturbative, which is represented by the non-cusp
anomalous dimension K (αs (1/b⊥)) in the above equa-
tion.
In the past decades, the CS kernel has been widely

studied in global fits of TMD parton distributions [12–
20]. The explicit form in the nonperturbative region
can only be parametrized by extending the perturba-
tive expressions at small b⊥, which inevitably introduces
systematic uncertainties. A direct calculation of TMD-
PDFs and the relevant CS kernel on the lattice was an
almost insurmountable hurdle until the establishment of
LaMET [21, 22]. A remarkable recent development in
LaMET is that these quantities can be accessed through
the corresponding quasi observables [25–28].

B. Quasi TMD Wave Functions

As stated above, one can define the quasi TMDWFs
for a highly-boosted pseudoscalar meson along the z-
direction with large momentum P z as:

Ψ̃± (x, b⊥, µ, ζz) = lim
L→∞

∫

dz

2π
eixrzP

z Φ̃±0 (z, b⊥, P z, a, L)
√

ZE(2L, b⊥, µ, a)
,

(4)

where xr = x− 1
2 . The unsubtracted quasi TMDWF Φ̃±0

is defined as an equal-time correlator containing nonlocal
quark bilinear operator with staple-shaped gauge link:

Φ̃±0 (z, b⊥, P
z, a, L) = 〈0| ψ̄ (zn̂z/2 + b⊥n̂⊥)Γ

× U!,±L (zn̂z/2 + b⊥n̂⊥,−zn̂z/2)ψ (−zn̂z/2) |P z〉 .
(5)

For a pseudoscalar mesonic state, the Dirac structure
Γ can be chosen as γzγ5 or γtγ5, which approaches
the leading-twist structure γ+γ5 in the light-cone limit.
With a large but finite P z, the difference between γzγ5
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FIG. 1. Illustration of the staple-shaped gauge-link included
in unsubtracted quasi-TMDWFs and related Wilson loop.
The blue and red double lines in the upper panel represent the
L-shift direction on the Euclidean lattice, and the lower panel
shows the correspondingly Wilson loop, which will subtract
UV logarithmic and linear divergences in quasi-TMDWFs .

and γtγ5 is suppressed by powers of 1/P z. Techni-
cally, one can also use a combination of them, such
as (γzγ5 + γtγ5) /2 to minimize power corrections, and
more details can be found in Sec. III D. Various combi-
nations were also explored in Ref. [32]. The superscript
”0” in Φ̃±0 indicates bare quantities. The linear diver-
gences come from the self-energy of the gauge-link,

U!,±L (zn̂z/2 + b⊥n̂⊥,−zn̂z/2) ≡
U †
z (zn̂z/2 + b⊥n̂⊥;L)U⊥

(

(L− z/2)n̂z; bT
)

Uz (−zn̂z/2;L) ,
(6)

and does not appear as a pole at d = 4 in dimensional
regularization. The Euclidean gauge link in U!,±L is
defined as

Uz(ξ,±L) = P exp

[

−ig

∫ ±L

ξz
dλnz ·A

(

(ξ⊥ + nzλ
)

]

,

(7)

where ξz = −ξ · nz. The ±L corresponds to the farthest
position that the gauge link can reach in positive or neg-
ative nz direction on a finite Euclidean lattice. This is
depicted as the blue and red lines in Fig. 1.
Since the linear divergence is associated with the

gauge-link, it can be removed by a similar gauge-link with
the same total length. An optional choice is to make use
the Wilson loop, denoted as ZE . The Wilson loop can be
chosen as the vacuum expectation of a flat rectangular
Euclidean Wilson-loop in the z-⊥ plane:

ZE (2L, b⊥, µ, a) =
1

Nc
Tr 〈0 |U⊥(0; b⊥)Uz (b⊥n̂⊥; 2L)| 0〉 .

(8)
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• Quasi TMD wave functions:

• Factorization based on LaMET using TMDWFs:

[M.-H. Chu et al, PRD 106 (2022) 3, 034509]

Determine CS kernel within LaMET
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• Leading order matching: 

• Next-to-leading order matching: 

[Q.A. Zhang et al., PRL125, 192001]
[Yuan Li et al, PRL.128(2022)6,062002]

Goal of this study ➙ A NLO CS kernel for CLS ensemble

• Quasi TMD wave functions from 2pt functions:
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P z = 6
2⇡

L
, b? = 7a, z = 0a

Joint fit of all l&b (sharing energies) for each Pz
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Lattice setup

• HYP smearing + Wall source  

• 2 sources per configuration 

• Transverse direction: x and y 

• Momenta: Pz={0, 6,8,10,12} x 2pi/L  

     (i.e. 0,1.6, 2.1, 2.6, 3.2 GeV) 

• 0<=l/a<=10, 0<=b/a<=7, 0<=t/a<=9

• We use newly generated 2+1 flavor clover fermion CLS ensemble X650

where W [�]
f h is defined as

W [�]
f h = 2

q
m2 + ~P 2

G3pt(P, S, C, t, ⌧)
G2pt(P, S, t)

. (2)

If for pion we assume the same and the spin S = 0, Eq.(1) reduces to

W [�µ]
(b; ` = 0, L; v, P, S) = Pµã2 +M2

(Lvµ)b̃1 � iM2bµã3 (3)

Since ~P = (P1, 0, 0) and b only points to y and z (or both) directions, we

can write the above equation out explicitly

W [I]
= Mã1

W [�5]
= 0

W [�1]
= P [1]ã2 +M2

(Lv1)b̃1

W [�2]
= M2

(Lv[2])b̃1 � iM2b[2]ã3

W [�3]
= M2

(Lv[3])b̃1 � iM2b[3]ã3

W [�4]
= P [4]ã2

W [�µ�5]
= iM2✏µ⌫⇢�P⌫b

[⇢]v� b̃4

W [i�µ⌫�5]
= iM✏µ⌫⇢�P⇢b

[�]ã4 �M✏µ⌫⇢�P⇢v� b̃2 + iM3✏µ⌫⇢�b[⇢]v� b̃3.

(4)

Then one can now construct

W [f1] = P+
⇣
ã2 +M2Lv

+

P+
b̃1
⌘
. (5)

But

W [f?
1T ]

= P+
⇣
ã12 �M2Lv

+

P+
b̃8
⌘

(6)

can NOT be obtained because one can not get the coe�cients ã12 and b̃8.
Note one can not obtain b̃1 from W [�2]

because Lv[2] is always vanishing
in our calculation. One can not obtain b̃1 fromW [�3]

either because sign(v·P )

always gives zero.

� L3 ⇥ T a msea
⇡ mv

⇡ #conf

3.34 48
3 ⇥ 48 0.098 fm 333 MeV 662 MeV 1000

Table 3: Eergies in lattice unit.

2



Renormalization of the quasi TMDWFs (I)

• The linear divergence and heavy quark potential is removed by Wilson loop ZE 

• Residual logarithmic divergence is removed by ZO
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 ̃± (x, b?, µ, ⇣
z) = lim

L!1

Z
P zdz

2⇡
eixzP

z  ̃±(z, b?, µ, P z)p
ZE (2L± z, b?, µ)ZO(1/a, µ,�)
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ZE(L, z) on CLS

b? = 0.1fm

b? = 0.2fm

b? = 0.3fm

b? = 0.4fm

b? = 0.5fm

b? = 0.6fm

• Large L limit not available on the lattice 
• Extrapolation to large L with 1-state fit

see, e.g. [X.-D. Ji, et al, PRL 120 (2018) 112001]

[LPC, PRL 129 (2022) 082002]



Renormalization of the quasi TMDWFs (II)

• The linear divergence and heavy quark potential is removed by Wilson loop ZE 

• Residual logarithmic divergence is removed by ZO

Collins-Soper KernelHai-Tao Shu 5
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 ̃± (x, b?, µ, ⇣
z) = lim

L!1

Z
P zdz

2⇡
eixzP

z  ̃±(z, b?, µ, P z)p
ZE (2L± z, b?, µ)ZO(1/a, µ,�)

[LPC, PRL 129 (2022) 082002]
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[LPC, PRL 129 (2022) 082002]
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ZO(1/a, µ) =
 ̃±,0 (z0, b?0, ⇣z = 0, L)p

ZE (2L± z0, b?0, µ) ̃MS (b?0, z0, µ)
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 ̃MS(b?0, z0, µ) = 1 +
↵sCF
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1
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+
3
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ln[µ2(b20 + z20)]� 2
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arctan
z0
b0

�
+O(↵2

s)

• Look for plateau in b where both 
discretization effects and higher twist 
contaminations are suppressed



From position space to momentum space
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fit, real

fit, imag
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• Large L limit via constant fit in plateau range (L>~0.7 fm) 
• Extrapolation for large lambda range using theoretically-

inspired Ansatz 
• Fourier transformation going to momentum space
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z) = f(b?)


k1
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+ ei�
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�
e�

�
�0

[X.-D. Ji, et al.,  NPB 964 (2021) 115311]
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Quasi TMDWFs in momentum space (I)
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• Real part has larger amplitude at same b 
• Clear dependence on b for both real and imaginary parts 
• Stronger dependence on b for imaginary part



Quasi TMDWFs in momentum space (II)
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• Real part has larger amplitude at same momentum 
• Clear dependence on momentum for both real and imaginary parts 
• Stronger dependence on momentum for real part
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Collins-Soper kernel from LaMET
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This work on CLS

• Good agreement with previous lattice calculations
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• 1-loop matching kernel H from: [X.-D. Ji and Y.-Z. Liu,  PRD105, 076014]

[M.-H. Chu et al, PRD 106 (2022) 3, 034509]• Extract leading power contribution via joint fit: 
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CS kernel from Mellin moments
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f/h(b; `, L; v, P, S;µ) = hh(P, S)|q̄f (b+ `v)� U [C(`, v, b, L)] qf (0)|h(P, S)i
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R[�](x, b, µ;P1, P2) =
W [�]

f/h
(x, b;P1, S;µ)

W [�]
f/h

(x, b;P2, S;µ)

=

✓
P+
1

P+
2

◆K(b,µ) CH(xP+
1 , µ)

CH(xP+
2 , µ)

+O(�2)

<latexit sha1_base64="OppRbDX+cNriUOU/8HK4gNlbKrA="></latexit>

W [�] = 2EP lim
0⌧⌧⌧t

C3pt(P, C, t, ⌧,�)
C2pt(P, t)

[B. U. Musch, et al, PRD 85, 094510]

<latexit sha1_base64="E9zBbJA6zMNGcGspiOScTE++s84="></latexit>

f1(b
2, P+) = P+

�
Ã2(b

2) +M2 v+

(v · P )P+
B̃1(b

2)
�
,

e(b2, P+) = P+Ã1(b
2)

• CS kernel from (first) Mellin moments of ratio of TMDPDFs: A. Vladimirov and A. Schaefer, PRD 101, 074517]

• Construction of TMDPDF matrix element: 

3pt of pion on the lattice

• Large separation limit achieved by constant fit:

• Parametrization via (Lorentz) invariant amplitudes:

• Combine invariant amplitudes to build twist-2 and twist-3 TMDPDFs:

f1 and e for both pion and proton !

<latexit sha1_base64="7myAmcrULhhUszoeah4wT61zRPk="></latexit>

W [�µ](b;L; v, P, S) = PµÃ2 +
M2

v · P vµB̃1 � iM✏µ⌫↵�P⌫b↵S�Ã12 � iM3✏µ⌫↵�b⌫(Lv↵)S�B̃8 � iM2bµÃ3 + · · ·



Lattice setup
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• Calculations on CLS ensemble H101

<latexit sha1_base64="n4w25ttGEyJBEaketh4qNTeN7no="></latexit>

P�

P+
⌧ 1,

1

|b|P+
⌧ 1,

|b|
L

⌧ 1,
`

L
⌧ 1, `⇤QCD ⌧ 1

• The hierarchy needs to be respected for the factorization theorem

• HYP smearing + Momentum smearing  

• Multiple source per configuration 

• Momenta: Pz={0, 1, 2, 3, 4, 5} x 2pi/L  

• l=0, 0<=L/a<=9~20, 0<=b/a<=8, 0<=t/a<=9/11



Constant fit for the ratio at P1/P2=3/2
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Collins-Soper kernel from P1/P2=3/2
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• Consistent results for pion and proton,  twist-2 and twist-3 
• This study agrees with SV19 phenomenal calculations and is lower than MAP22 
• Lattice computations display qualitatively similar behavior   
• The discrepancies can be understood as systematic effects



Collins-Soper kernel from P1/P2=2/1
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• Smaller statistical errors but probably larger 

systematical errors 

• Better identified plateaus 

• Very close central values for CS kernel from different 

momentum pairs (power corrections suppressed)



Summary

Collins-Soper KernelHai-Tao Shu 15

• CS kernel calculated using lattice QCD in different ways on two 

different CLS ensembles 

• Good agreement among different lattice extractions 

• Universality of the lattice-determined CS kernel was observed 

• High-precision determination of CS kernel is in reach


